On the basis of the Helmoholtz equation for inhomogeneous media, we have deduced wave propagation formula using beamlet decomposition of wave field in general frame and employing the pseudo-differential operator, and obtain the marching algorithm of wave propagation in phase space (local angle domain). And also we have more freedom when choosing the frame of beamlet decomposition in one-way wave marching algorithm. Taking the scale-variable Gabor-Daubechies tight frame as an example, the specific expression of oneway wave propagator and corresponding marching algorithm are derived. And the high-frequency asymptotic problem of propagator based on Gabor-Daubechies tight frame is discussed in detail and its validity conditions are investigated, which could be used to increase the computation efficiency. The wave propagation results respectively by integrated propagator and high-frequency asymptotic one are compared by numerical examples, which demonstrates that the error of wave fields is quite small in certain high-frequency asymptotic conditions and the computation cost is averagely reduced by 30%.
Introduction
As the high-frequency asymptotic solution of wave equation, ray theory has been extensively employed in wave field modeling and imaging due to its algorithmic understandability and computational efficiency. However, this method has some shortcomings. For example, ray theory could not be used to describe the critical point, head wave, diffraction and so on. Maslov method keeps the availability of propagation in the critical point, Airy caustics and Fresnel shadowing domain, whereas it will lose validity when there are more caustic points (Foster and Jau-Inn, 1991) . Gauss beam method (Červený, Popov and Pšenčík, 1982) not only has the advantage of ray theory, but also keeps the dynamics characteristic of wave to a certain extent. However, in heterogeneous medium the wave beam will diverge when the distance of propagation increases.
Subsequently, local propagator and corresponding marching method have been introduced (Steinberg, (1993 (Steinberg, ( (a), 1993 ), Steinberg and Birman, (1995) ). Since taking windowed Fourier transform as a tool to decompose the operator and wave field, their method is too time-consuming to use for seismic wave field and imaging. Moreover, their method can't work well in strongly cross-varying medium, because of using global perturbation in partial equation (Wu, Wang and Gao, 2000) . In order to overcome the above-mentioned disadvantage, the wave propagator in local-angle domain and corresponding marching algorithm are developed, based on frame theory, local background velocity and local disturbance (Wu and Chen, 2006) . The one-way wave propagation based on Gabor-Daubechies frame (including tight frame, G-D frame for short below) is discussed (Wu et al., 2000, Wu and Chen, 2006) . However, the highfrequency approximation of the one-way wave propagator hasn't been involved in the literatures.
In this work, we investigate the one-way wave propagation problem and its marching algorithm based on the theory of general frame and pseudo-differential operator. We obtain the wave propagator in phase space and corresponding marching algorithm of wave field for a general frame. Taking the scale-variable Gabor-Daubechies tight frame as an example, our results give a specific propagator termed G-D propagator. In order to improve the computational efficiency, we explore the high-frequency asymptotic counterpart of the G-D propagator in detail, and give its approximate formulation. By using the integrated and approximate wave propagator in wave propagation respectively, we compare their precision and cost.
Method
By introducing decoupled matrix into two-dimensional Helmoholtz equation in frequency domain for inhomogeneous media, we get the two equation
where,
, and
x is the wave number,
respectively denote downgoing and upcoming wave field. Subsequently we discuss the beamlet decomposition of
and the results can be extended to three-dimensional form without difficulty.
We decompose
into beam by wavelet frame. The general frame theory of decompositon and reconstruction of signal is described in detail in the literatures (Mallat, 1998; Kaiser, 1994) . By scale-variable frame irrelevant to z axis and frequency, wave field On the method of wave propagation in local angle domain ( , , ) 
where, ( ) g x is the frame function, and , m n in turn denote the sampling point of space and wave number. Then considering the propagation of decomposed field from the depth z to z z + Δ , and generally we suppose that velocity is irrelevant to leading direction z (Steinberg and McCoy, 1993 ) and the medium is considered as crossvarying one in space interval z Δ . Substituting equation (3) into equation (1), one obtain ( , , , ) ( )
Assume that we regulate the scale s and make that the window of frame is sufficiently narrow, and then the center value ( ) m k x of window could be the approximate value of wave number ( ) k x for all points in the window; using the property of pseudo-differential operator (Nirenberg, Engquist and Majda, 1979) , the symbol of pseudodifferential operator ( , , , ) ( ) ( , , , )
Applying the Fourier transform in two sides of equation (5) and considering the arbitrariness of the ˆ( ) 
Based on (7), when the beamlets coefficients of wave field at z are known, we can get the ( , , , ) U m n z z ω +Δ . In order to ensure the function of equation (7) in the range of the frame operator (Kaiser, 1994) , we can multiply two sides of equation (7) by reproducing kernel associated with the frame wavelet and get 
we calculate the summation of , m n in both sides of equation (8) and get by reproducing kernel equation (Mallat, 1998) ( , , , P m n m n z ′ ′ Δ defined in equation (9) is called one way propagator. And equation (10) provides the marching algorithm of downgoing wave in phase space (transformation spectrum, also called wavelet beam spectrum). Applying reconstruction formula of the frame for equation (10), frequency-space wave field can be calculated as follows: 
Equation (11) is the formula that calculates downgoing wave propagation in frequency-space domain. Applying the inverse Fourier transform in two sides of Equation (11), we could get the wave propagation in time-space domain.
In order to improve computational efficiency, we would consider asymptotic evaluation of the propagator , , , P m n m n z ′ ′ Δ and its validity condition. The specific expression of Equation (9) 
Equation (15) in Equation (15) to ensure the effectiveness of highfrequency asymptotic evaluation. Figure 1 shows the domains of integrated propagator of Equation (12) and asymptotic one of Equation (14) , we find that the effective domains of Equation (12) and Equation (14) almost have the same localization and that the error of asymptotic propagator is in the acceptable range. The latter has the analytic expression, which is advantageous to define effective domain explicitly and reduce the number of 0 0 , x ξ in computation; however, the former hasn't this advantage.
Examples
And in figure 2 we can obtain the beam propagation results in complex media. Figure 2 Figure 2 (d), we find that the relative error of propagation is satisfactorily steady and isn't more than 1% , although it could be cumulated with depth to some extent. Figure. 1 The effective domains of integrated propagator in Equation (12) and approximate one in Equation (14): (a) the domain of integrated propagator and (b) as the domain of the approximate one
On the method of wave propagation in local angle domain Conclusion
One-way wave propagator and its marching algorithm of wave propagation in phase space (local angle domain) is proposed based on scale-variable general frame and pseudo-differential operator. The specific expression of G-D propagator is demonstrated and we discuss its highfrequency asymptotic problem and the validity conditions. By approximate propagator we can easily determine the efficient localization and reduce computation complexity in wave propagation. Respectively using the integrated propagator and the approximately analytic expression, we compare the results of beam propagation in complex media and demonstrate that the relative error of two images isn't more than 1%. And the computation cost of asymptotic propagation is reduced by about 30%.
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